[image: image1.png]The key idea is to reduce the density estimation probler to a fixed-design regression model. More precisely the main steps are as
follows:

1. Transform the sample X into (Xb, V&) data where the Xb are equally spaced, using a binning procedure. For each bin i, Yb()
nurnber of X() within bin i

b

2. Perform a wavelet decomposition of Vb viewed as a signal, using fast algorith. Thus, the underlying Xb data is 1,2,
where nbis the nurmber of bins.

3. Threshold the wavelet coefficients according to one of the methods described for de-noising (see De-Noisin

4. Reconstruct an estimate 1 of the density function 4 from the thresholded wavelet coeflicients using fast algorithm (see The
East Wavelet Transforr (FWT) Algorithrr)

5. Postprocess the resulting function 41, Rescale the resulting function transforming 1,2, .., nb into Xb and interpolate 47 for
each bin to calculate hest(x).

Steps 2 through 4 are standard wavelet-based steps. But the first step of this estimation scherne depends on nb (the number of bins),
which can be viewed as a bandwidth parameter. In density estimation, b is generally small with respect to the nurber of observations
(equal to the length of X), since the binning step is a pre-smoother. A typical default value is nb = length(x) / 4.
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Density Estimation

LAB OBJECTIVE:

The objective of this lab is to understand 
1. The basic concept of Density Estimation

2. To implement Density Estimation in MATLAB

BACKGROUND MATERIAL

Density estimation

In probability and statistics, density estimation is the construction of an estimate, based on observed data, of an unobservable underlying probability density function. The unobservable density function is thought of as the density according to which a large population is distributed; the data are usually thought of as a random sample from that population.

A variety of approaches to density estimation are used, including Parzen windows and a range of data clustering techniques, including vector quantization.

Example of density estimation
We consider records of the incidence of diabetes. The following is quoted verbatim from the data set description:

A population of women who were at least 21 years old, of Pima Indian heritage and living near Phoenix, Arizona, was tested for diabetes according to World Health Organization criteria. The data were collected by the US National Institute of Diabetes and Digestive and Kidney Diseases. We used the 532 complete records. 

In this example, we construct three density estimates for "glu" (plasma glucose concentration), one conditional on the presence of diabetes, the second conditional on the absence of diabetes, and the third not conditional on diabetes. The conditional density estimates are then be used to construct the probability of diabetes conditional on "glu".

The "glu" data were obtained from the MASS package of the R programming language. Within 'R', ?Pima.tr and ?Pima.te give a fuller account of the data.

The mean of "glu" in the diabetes cases is 143.1 and the standard deviation is 31.26. The mean of "glu" in the non-diabetes cases is 110.0 and the standard deviation is 24.29. From this we see that, in this data set, diabetes cases are associated with greater levels of "glu". This will be made clearer by plots of the estimated density functions.

The first figure shows density estimates of p(glu | diabetes=1), p(glu | diabetes=0), and p(glu). The density estimates are kernel density estimates using a Gaussian kernel. That is, a Gaussian density function is placed at each data point, and the sum of the density functions is computed over the range of the data.

Estimated density of p(glu | diabetes=1) (red), p(glu | diabetes=0) (blue), and p(glu) (black).

From the density of "glu" conditional on diabetes, we can obtain the probability of diabetes conditional on "glu" via Bayes' rule. For brevity, "diabetes" is abbreviated "db." in this formula.

The second figure shows the estimated posterior probability p(diabetes=1 | glu). From these data, it appears that an increased level of "glu" is associated with diabetes.

Estimated probability of p(diabetes=1 | glu).
Density Estimation

The data are values (X(i), 1  i  n) sampled from a distribution whose density is unknown. We are looking for an estimate of this density. 
What Is Density.    The well known histogram creates the information on the density distribution of a set of measures. At the very beginning of the 19th century, Laplace, a French scientist, repeating sets of observations of the same quantity, was able to fit a simple function to the density distribution of the measures. This function is called now the Laplace-Gauss distribution. 
Density Applications.    Density estimation is a core part of reliability studies. It permits the evaluation of the life-time probability distribution of a TV set produced by a factory, the computation of the instantaneous availability, and of such other useful characteristics as the mean time to failure. A very similar situation occurs in survival analysis, when studying the residual lifetime of a medical treatment. 
Density Estimators.    As in the regression context, the wavelets are useful in a nonparametric context, when very little information is available concerning the shape of the unknown density, or when you don't want to tell the statistical estimator what you know about the shape. Several alternative competitors exist. The orthogonal basis estimators are based on the same ideas as the wavelets. Other estimators rely on statistical window techniques such as kernel smoothing methods. We have theorems proving that the wavelet-based estimators behave at least as well as the others, and sometimes better. When the density h(x) has irregularities, such as a breakdown point or a breakdown point of the derivative h'(x), the wavelet estimator is a good solution.
How to Perform Wavelet-Based Density Estimation.   
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IMPLEMENTATION DETAILS WITH RESULTS:

Kernel density estimation
Kernel density estimation of 100 normally distributed random numbers using different smoothing bandwidths.

In statistics, kernel density estimation (or Parzen window method, named after Emanuel Parzen) is a way of estimating the probability density function of a random variable. As an illustration, given some data about a sample of a population, kernel density estimation makes it possible to extrapolate the data to the entire population.

A histogram can be thought of as a collection of point samples from a kernel density estimate for which the kernel is a uniform box the width of the histogram bin.

Definition
If x1, x2, ..., xN ~ ƒ is an IID sample of a random variable, then the kernel density approximation of its probability density function is
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where K is some kernel and h is the bandwidth (smoothing parameter). Quite often K is taken to be a standard Gaussian function with mean zero and variance 1:
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Intuition
Although less smooth density estimators such as the histogram density estimator can be made to be asymptotically consistent, others are often either discontinuous or converge at slower rates than the kernel density estimator. Rather than grouping observations together in bins, the kernel density estimator can be thought to place small "bumps" at each observation, determined by the kernel function. The estimator consists of a "sum of bumps" and is clearly smoother as a result (see below image).
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Six Gaussians (red) and their sum (blue). The Parzen window density estimate f(x) is obtained by dividing this sum by 6, the number of Gaussians. The variance of the Gaussians was set to 0.5. Note that where the points are denser the density estimate will have higher values.

Properties
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When the optimal choice of bandwidth is chosen, the risk function is for some constant c4 > 0. It can be shown that, under weak assumptions, there cannot exist a non-parametric estimator that converges at a faster rate than the kernel estimator. Note that the n−4/5 rate is slower than the typical n−1 convergence rate of parametric methods.

******************************************************************

LAB TASK 

Implement the kernel density estimation technique. 

******************************************************************

SKILLS DEVELOPED:

· Overview of density estimation.

· Implementation of kernel density estimation.

HARDWARE & SOFTWARE REQUIREMENTS:
Hardware

· Personal Computers.

           Software

· MATLAB.

For any Query please E-mail me at alijaved@uettaxila.edu.pk Thanks
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